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ON THE COHOMOLOGY AND THEIR TORSION OF
REAL TORIC OBJECTS
SUYOUNG CHOI AND HANCHUL PARK
Abstract. In this paper, we do the two things.
(1) We present a formula to compute the rational cohomology ring of
a real topological toric manifold, and thus that of a small cover
or a real toric manifold, which implies the formula of Suciu and
Trevisan. Furthermore, the formula also works for other coefficient
Zq = Z/qZ, where q is a positive odd integer.
(2) We construct infinitely many real toric manifolds and small covers
whose integral cohomology have a q-torsion for any positive odd
integer q.
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1. Introduction
A toric variety, which arose in the field of algebraic geometry, of dimension
n is a normal algebraic variety with an algebraic action of a complex torus
(C∗)n having a dense orbit. A compact smooth toric variety is sometimes
called a toric manifold. By regarding S1 as the unit circle in C∗, there is
a natural action of T n = (S1)n ⊂ (C∗)n on a toric variety. Motivated by
toric manifolds, some topological generalization of toric manifolds have been
introduced and investigated well in toric topology. Instead of an algebraic
torus action on an algebraic variety, one could think of a smooth torus (T n
or (C∗)n) action on a smooth manifold. A quasitoric manifold introduced in
[9] is a closed smooth 2n-manifold M with an effective T n-action such that
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(1) the torus action is locally standard : i.e., it is locally isomorphic to
the standard action of T n on R2n, and
(2) the orbit space M/T n can be identified with a simple polytope.
A topological toric manifold defined in [11] is a closed smooth 2n-manifold
M with an effective smooth (C∗)n-action such that there is an open and
dense orbit and M is covered by finitely many invariant open subsets each
of which is equivariantly diffeomorphic to a smooth representation space of
(C∗)n. It was shown by [11] that every toric manifold or quasitoric manifold
is a topological toric manifold.
While the above toric objects are being considered, the notions of “real
toric objects” are also studied. Let M be a toric variety of complex dimen-
sion n. Then there is a canonical involution, called the conjugation of M .
The set of its fixed points, denoted by MR, is a real subvariety of dimension
n, called a real toric variety. When M is a toric manifold, then MR is a
submanifold of dimension n and called a real toric manifold. This concept
can be generalized as follows.
Definition 1.1 ([9]). A closed smooth manifold of dimension n with a
locally standard action of Zn2 = (S
0)n ⊂ (R∗)n is called a small cover if its
orbit space can be identified with a simple polytope.
Definition 1.2 ([11]). A closed smooth manifold of dimension n with an
effective smooth action of (R∗)n is called a real topological toric manifold if
one of its orbits is open and dense and it is covered by finitely many invariant
open subsets each of which is equivariantly diffeomorphic to a direct sum of
real one-dimensional smooth representation spaces of (R∗)n.
Similarly to toric objects, real toric objects have inclusions as the following
diagram:
Real Topological Toric Manifold
Small Cover
Real Toric
Manifold
Real locus of
a Projective
Toric Manifold
It should be noted that the formulas for the integral cohomology ring of
toric objects have been well established in many literatures such as [8], [9],
[12]. Interestingly, the formula is quite simple; according to the formula, the
ring is obtained as a quotient of a polynomial ring generated by only degree
2 elements, and it has no torsion.
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Nevertheless, only little is known about the integral cohomology rings of
real toric objects. Only the Z2-cohomology ring is known in [9].
1 For
example, it has been an open problem for a long time whether there is a
real toric object whose cohomology admits an odd torsion or not.
Question 1.3. For a real toric manifold (or a real topological toric manifold
generally) M , find a formula to compute the cohomology ring H∗(M ;Z).
Question 1.4. Is there a real toric manifold M such that H∗(M ;Z) has an
odd torsion?
Recently, Suciu and Trevisan [15], [16] have announced that they estab-
lished the formula for the rational cohomology of real toric objects using
their description as covering spaces of real Davis-Januskiewicz spaces.
In this paper, we present a formula for the cohomology ring of a real toric
object with coefficient Q or Zq (q: positive odd integer) by studying its
natural cell structure. The explicit formula is stated in Theorem 4.5. Fur-
thermore, Theorem 4.5 implies the beautiful formula of Suciu and Trevisan
([15], [16]), which is the Q-coefficient case of Theorem 4.6. These theorems
provide a partial answer to Question 1.3.
Moreover, using Theorem 4.6, we give a negative answer to Question 1.4
by constructing infinitely many real toric manifolds whose cohomology have
odd torsions. In fact, our examples are actually the real loci of projective
toric manifolds.
The paper is organized as follows. In Section 2, we define real topological
toric manifolds and real moment-angle complexes and roughly review their
relation. In Section 3, we refer L. Cai’s work [5] on the integral cohomol-
ogy of the real moment-angle complex and introduce a classical result for
cohomology of a finite regular cover so called the transfer homomorphism.
The results about cohomology of real toric objects is covered in Section 4.
Finally, we construct in Section 5 a real toric manifold whose cohomology
contains an arbitrary odd torsion.
2. Real topological toric manifolds
A simplicial complex K on a finite set V = V (K) is a collection of subsets
of V satisfying
(1) if v ∈ V , then {v} ∈ K, and
(2) if σ ∈ K and τ ⊂ σ, then τ ∈ K.
A simplicial complex K is called a simplicial sphere of dimension n − 1
if its geometric realization |K| is homeomorphic to a sphere Sn−1, and is
said to be star-shaped if there are an embedding of |K| into Rn and a point
p ∈ Rn such that any ray from p intersects |K| once and only once.
For a simplicial complex K on V = [m] = {1, 2, . . . ,m}, we construct a
topological space, called a real moment-angle complex RZK , as follows.
RZK =
⋃
σ∈K
{
(x1, . . . , xm) ∈ (D
1)m | xi ∈ S
0 when i /∈ σ
}
,
1The formula in Theorem 4.14 of [9] is only for small covers. However, it is not hard
to show that its argument is also applicable for real topological toric manifolds.
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where D1 = [0, 1] is the unit interval and S0 = {0, 1} is its boundary. It
should be noted that RZK is a manifold if K is a simplicial sphere, and
there is a canonical Zm2 -action on RZK which comes from the symmetry of
(D1)m. See Chapter 6 of [3] for details.
Definition 2.1 ([11]). A closed smooth manifold M of dimension n with
an effective smooth action of (R∗)n is called a real topological toric manifold
if one of its orbits is open and dense and M is covered by finitely many
invariant open subsets each of which is equivariantly diffeomorphic to a
direct sum of real one-dimensional smooth representation spaces of (R∗)n,
where R∗ = R \ {0}.
Note that a real topological toric manifold M has a natural Zn2 -action as
a subgroup of (R∗)n. Then, its orbit space can be regarded as a manifold
with corners, and it admits a natural face structure. It is known that its
face structure is that of a star-shaped simplicial sphere K of dimension
n − 1. We remark that a vertex of K corresponds to a submanifold Mi of
M , called a characteristic submanifold, which is fixed by a Z2-subgroup of
Zn2 . We define a map, called a characteristic function of M , λ : V = [m]→
Hom(Z2,Z
n
2 )
∼= Zn2 such that λ(i) fixes Mi for all i ∈ [m]. The characteristic
function satisfies the following non-singularity condition:
(∗) λ(i1), . . . , λ(iℓ) are linearly independent in Z
n
2 if {i1, . . . , iℓ} ∈ K.
Conversely, we can construct a real topological toric manifold (as a Zn2 -
manifold) from the pair of K and λ above. For convenience, a charac-
teristic function λ is frequently represented by an (n × m)-matrix Λ =
(λ(1) · · · λ(m)), called a characteristic matrix. Define a map θ : [m]→ Zm2
so that θ(i) is the i-th coordinate vector of Zm2 . Then the map Λ (as a
matrix multiplication) satisfies Λ◦θ = λ and the group ker Λ ∼= Zm−n2 freely
acts to RZK . It is possible to show that its orbit space M(K,λ) is a real
topological toric manifold whose characteristic function is λ. Furthermore,
it is shown by [11] that M(K,λ) is Davis-Januszkiewicz equivalent to M .
In other words, any real topological toric manifold of dimension n as a Zn2 -
manifold is determined by a pair (K,λ) of a star-shaped simplicial sphere
K on V of dimension n− 1 and a map λ : V → Zn2 satisfying (∗).
We remark that when K is realizable as the dual complex of a simple
polytope P , M(K,λ) is known as a small cover (see [9]). In the case of the
small cover, we do not distinguish the characteristic function λ : V → Zn2
from the characteristic function λ : F → Zn2 in the sense of [9] where F is
the set of facets of P . Note that the dual map is a bijection from F to V .
3. Cohomology of a real moment-angle complex
In this section, we briefly review a work of Cai [5] describing the integral
cohomology ring of RZK . RegardingD
1 = [0, 1] as a CW complex consisting
of two 0-cells 0, 1 and one 1-cell 01, the m-cube (D1)m has a natural CW
structure coming from the product operation. More precisely, let D1i
∼= [0, 1]
be the i-th factor of (D1)m = D11 × · · · ×D
1
m which is a CW complex with
two 0-cells 0i, 1i and one 1-cells 01i. Then every cell of (D
1)m is given as
e1 × · · · × em, ei = 0i, 1i or 01i.
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In this setting, observe that RZK is a subcomplex of (D
1)m and a cell
e = e1×· · ·× em of (D
1)m is a cell of RZK if and only if σe := {i | ei = 01i}
is a face of K (see Lemma 1.2 of [5]). Using this cell structure of RZK , we
are going to compute its cellular cohomology. When X is a CW complex,
let us denote by C∗(X) be the cellular cochain complex of X. We equip
C∗(D11)⊗ · · · ⊗ C
∗(D1m) with a differential d such that
d(e∗1 ⊗ · · · ⊗ e
∗
m) =
m∑
i=1
(−1)
∑i−1
j=1 deg e
∗
j e∗1 ⊗ · · · ⊗ e
∗
i−1 ⊗ de
∗
i ⊗ e
∗
i+1 ⊗ · · · ⊗ e
∗
m,
where e∗i is the cochain dual to the cell ei. Note that d0
∗
i = −01
∗
i , d1
∗
i = 01
∗
i ,
and d01∗i = 0. Then we have a graded ring isomorphism
C∗((D1)m) → C∗(D11)⊗ · · · ⊗ C
∗(D1m)
(e1 × · · · × em)
∗ 7→ e∗1 ⊗ · · · ⊗ e
∗
m
which preserves the differential. Thus from now on we will identify the
cochain complex C∗((D1)m) with (C∗(D11)⊗ · · · ⊗ C
∗(D1m), d).
Now we perform a basis change of C∗(D1i ) by
(3.1) 1i = 0
∗
i + 1
∗
i , ti = 1
∗
i , ui = 01
∗
i .
From the definition of cup products, one can easily check the following re-
lations:
1i ∪ ti = ti ∪ 1i, 1i ∪ ui = ui ∪ 1i, ti ∪ ti = ti,
ui ∪ ui = 0, ti ∪ ui = 0, ui ∪ ti = ui.
We will use the notation uσ (respectively, tσ) for the monomial ui1 . . . uik
(respectively, ti1 . . . tik) where σ = {i1, . . . , ik}, i1 < · · · < ik, is a subset
of [m]. Let Z[u1, . . . , um; t1, . . . , tm] be the differential graded ring with 2m
generators such that
deg ui = 1, deg ti = 0, dui = 0, dti = ui
and the differential d satisfies the Leibniz rule d(ab) = da · b + (−1)deg aa ·
db. Let R be the quotient of Z[u1, . . . , um; t1, . . . , tm] under the following
relations
uiti = ui, tiui = 0, uitj = tjui, titi = ti,
uiui = 0, uiuj = −ujui, titj = tjti,
for i, j = 1, . . . ,m and i 6= j. The Stanley-Reisner ideal I is the ideal
generated by all square-free monomials uσ such that σ is not a simplex of
K. Note that, as an abelian group, R/I is freely spanned by the square-free
monomials uσtω\σ, where σ ⊆ ω ⊆ [m] and σ ∈ K.
In his paper [5], Cai showed that there is a graded ring isomorphism
preserving the differentials
R/I ∼= C∗(RZK)
and thus
Theorem 3.1 ([5]). There is a graded ring isomorphism
H(R/I, d) ∼= H∗(RZK).
We close this section with the following classical fact which is used later.
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Theorem 3.2 (See III.2 of [4] or Section 3.G of [10] for example). Let X
be a closed manifold and Γ a finite group freely acting on X. Then there is
a graded ring isomorphism
H∗(X/Γ;G) ∼= H∗(X;G)Γ,
when G is a field of characteristic 0 or coprime to |Γ|.
More precisely, let us assume that X and X/Γ are CW-complexes and the
orbit map π : X → X/Γ preserves cells. Define a chain map of cellular chain
complexes µ : C∗(X/Γ) → C∗(X) such that µ(π(c)) =
∑
g∈Γ g · c for any
c ∈ C∗(X) and hence one has the transfer homomorphism µ
∗ : H∗(X;G)→
H∗(X/Γ;G) for any coefficient group G, such that
µ∗π∗ = |Γ| : H∗(X/Γ;G)→ H∗(X/Γ;G)
and
π∗µ∗ = |Γ| : H∗(X;G)Γ → H∗(X;G)Γ.
From this fact, one observes
Corollary 3.3. Theorem 3.2 also holds for any cyclic group G = Zq of odd
order if |Γ| is a power of 2.
Proof. It is enough to show that the maps µ∗π∗ and π∗µ∗ represented by the
multiple |Γ| are graded ring isomorphisms respectively. Recall the Fermat-
Euler theorem which states that if q and a are coprime positive integers,
then
aφ(q) ≡ 1 (mod q),
where φ is Euler’s phi function. Substituting |Γ| for a completes the proof
since the map |Γ| is invertible. 
4. Cohomology of a real topological toric manifold
Now let us consider the Zm2 -action on the cellular cochain complex C
∗(RZK).
Let ai be the i-th coordinate vector of Z
m
2 for 1 ≤ i ≤ m. Then it is imme-
diate from (3.1) to observe that
(4.1) ai ·1j = 1j , ai ·tj =
{
tj, i 6= j;
1j − tj, i = j,
ai ·uj =
{
uj, i 6= j;
−uj, i = j.
Recall that the group Γ = kerΛ ∼= Zm−n2 freely acts to RZK and the action
naturally induces a Γ-action on C∗(RZK) ∼= R/I. We define a bijection map
ϕ : Zm2 → 2
[m] such that the i-th entry of v ∈ Zm2 is nonzero if and only if
i ∈ ϕ(v), where 2[m] denotes the power set of [m].
Lemma 4.1. Let rowΛ be the row space of Λ and v a vector in Zm2 . Then
v ∈ rowΛ if and only if |ϕ(v) ∩ ϕ(u)| is even for all u ∈ ker Λ.
Proof. The lemma holds by the following observation;
v ∈ rowΛ⇐⇒ v ⊥ ker Λ
⇐⇒ v · u = 0 for all u ∈ ker Λ
⇐⇒ |ϕ(v) ∩ ϕ(u)| is even for all u ∈ ker Λ.

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Figure 1. A characteristic function over the square.
For p ∈ R/I, we assign a Γ-invariant element of R/I
N(p) :=
∑
g∈Γ
g · p.
For a monomial x = uσtω\σ ∈ R/I for σ ⊆ ω, let us use the notation
b(x) = ω for the union of all subscripts in x. We give a partial order
between monomials of R/I such that x ≤ y if and only if b(x) ⊆ b(y). For
a given polynomial p ∈ R/I, a term x of p is called maximal in p if it is
maximal among the (nontrivial) terms of p.
Lemma 4.2. Let x be a monomial in R/I. In the polynomial N(x), the
coefficient of the term x is nonzero if and only if ϕ−1(b(x)) ∈ rowΛ. In that
case, |Γ|x = 2m−nx is the unique maximal term in N(x).
Proof. The “if” part comes immediately by (4.1) and Lemma 4.1. For the
“only if” part, suppose that ϕ−1(b(x)) /∈ rowΛ. Then by Lemma 4.1 there
exists u ∈ ker Λ such that |b(x) ∩ ϕ(u)| is odd. Write ker Λ = 〈u〉 ⊕ V for
some suitable subspace V . Reminding that
ϕ(u+ u1) = (ϕ(u) ∪ ϕ(u1)) \ (ϕ(u) ∩ ϕ(u1))
for any u1 ∈ V , observe that |b(x)∩ϕ(u1)| is even if and only if |b(x)∩ϕ(u+
u1)| is odd and vice versa. This implies that the term x is eliminated in the
polynomial N(x). The latter statement is obvious. 
Example 4.3. Suppose that P is a square as a simple polytope and a
characteristic function λ : F → Z22 is given as Figure 1, where F is the facet
set of P . One has
Λ =
(
1 0 1 0
0 1 1 1
)
and therefore
rowΛ = 〈(1, 0, 1, 0), (0, 1, 1, 1)〉 and kerΛ = 〈(1, 1, 1, 0)T , (0, 1, 0, 1)T 〉.
When x = u2t34 = u2t3t4, ϕ
−1(b(x)) = (0, 1, 1, 1) ∈ rowΛ. Note that
N(x) = u2t3t4 − u2(1− t3)t4 − u2t3(1− t4) + u2(1− t3)(1− t4)
= 4u2t3t4 − 2u2t3 − 2u2t4 + u2
contains the term 4u2t3t4 = |Γ|x as the unique maximal term.
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If x = t123 = t1t2t3, then ϕ
−1(b(x)) = (1, 1, 1, 0) /∈ rowΛ. In this case,
N(x) = 2t1t3 − t1 − t3 + 1 has no term t123.
Throughout the rest of this paper, we assume that G is the coefficient ring
(or group) Q or Zq for a positive odd integer q unless otherwise mentioned.
We denote by (R/I ⊗ G)|Λ the graded G-subalgebra of R/I ⊗ G which is
generated by uσtω\σ for σ ⊆ ω ⊆ [m], σ ∈ K, and ϕ
−1(b(x)) ∈ rowΛ.
Proposition 4.4. A polynomial p ∈ R/I ⊗G is fixed by the Γ-action if and
only if p is a linear combination of polynomials of the form N(x) where x
is a monomial in R/I such that ϕ−1(b(x)) ∈ rowΛ. In conclusion, there is
a graded ring isomorphism
(R/I ⊗G)Γ ∼= (R/I ⊗G)|Λ.
Proof. The “if” part is obvious. For the “only if” part, we first put p0 = p.
Recursively take a maximal term xi in pi and put pi+1 = pi − N(xi)/|Γ|
which makes sense because |Γ| is a unit in G (see Corollary 3.3). Note that
ϕ−1(b(xi)) ∈ rowΛ for all i: otherwise N(pi)/|Γ| = pi could not contain the
term xi by Lemma 4.2, which is a contradiction. This process must end in
finitely many steps, finishing the proof. 
Recall that M(K,λ) = RZK/Γ is the orbit space of the free Γ-action on
RZK . Hence, by applying Theorem 3.2, we obtain
Theorem 4.5. There is a graded ring isomorphism
H∗(M(K,λ);G) ∼= H((R/I ⊗G)|Λ, d).

For ω ⊆ [m], let us denote by R/I|ω the subgroup of R/I generated by
uσtω\σ for σ ⊆ ω ⊆ [m] and σ ∈ K. The group R/I|ω is closed under the
differential d. Denote by Kω = {σ ∈ K | σ ⊆ ω} the full subcomplex of
K with respect to ω. For each ω ⊆ [m], observe that there is a bijective
cochain map of (co)chain complexes
fω : R/I|ω
∼=
−→ C∗(Kω)
uσtω\σ −→ σ
∗,
where C∗(Kω) means the simplicial cochain complex of Kω. This induces
an additive isomorphism of cohomology
(4.2) Hp(R/I|ω)
∼=
−→ H˜p−1(Kω)
and thus one concludes that there is an additive isomorphism
(4.3) Hp(RZK) ∼=
⊕
ω⊆[m]
H˜p−1(Kω).
See [5, Theorem 1.6] for details. We can give a similar argument for co-
homology of M(K,λ) with coefficient G. Since (R/I ⊗ G)|Λ is the direct
sum
(R/I ⊗G)|Λ =
⊕
ϕ−1(ω)∈row Λ
ω⊆[m]
R/I|ω ⊗G
as a graded abelian group, we deduce the following:
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Theorem 4.6. There is an additive isomorphism
Hp(M(K,λ);G) ∼=
⊕
ϕ−1(ω)∈row Λ
ω⊆[m]
H˜p−1(Kω;G).

Remark 4.7. When G = Q, the formula in the above theorem coincides
with that due to Suciu and Trevisan ([15], [16]).
5. Construction of real toric manifolds with odd torsions
In this section, for a given positive odd number q, we construct a real
topological toric manifold M whose cohomology has a q-torsion. Further-
more, M is realized as the real points of a projective toric manifold.
First of all, we need the notion of nestohedra. See [13], [14], or [17] for
details.
Definition 5.1. A connected building set B on a finite set S is a collection
of nonempty subsets of S such that
(1) B contains all singletons {i}, i ∈ S and the entire set S,
(2) if I, J ∈ B and I ∩ J 6= ∅, then I ∪ J ∈ B.
For a connected building set B, we can assign a simple polytope called a
nestohedron:
Definition 5.2. Let B be a connected building set on [n+1] = {1, . . . , n+1}.
For I ⊂ [n + 1], let ∆I be the simplex given by the convex hull of i-th
coordinate vectors for all i ∈ I. Then define the nestohedron PB as the
Minkowski sum of simplices
PB =
∑
I∈B
∆I
where the Minkowski sum of two subsets A, B ⊂ Rn is defined by
A+B := {a+ b | a ∈ A, b ∈ B}.
Definition 5.3. For a connected building set B on [n + 1], a subset N ⊆
B \ {[n + 1]} is called a nested set if the following holds:
(N1) For any I, J ∈ N one has either I ⊆ J , J ⊆ I, or I and J are disjoint.
(N2) For any collection of k ≥ 2 disjoint subsets J1, . . . , Jk ∈ N , their union
J1 ∪ · · · ∪ Jk is not in B.
The nested set complex ∆B is defined to be the set of all nested sets for B.
We note that ∆B is surely a simplicial complex.
Theorem 5.4. [13, Theorem 7.4] Let B be a connected building set on [n+1].
Then PB is a simple n-polytope and the dual complex of the nestohedron PB
is exactly ∆B.
Furthermore, we have the following visual description of PB.
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Proposition 5.5. [17, Theorem 6.1] Let B be a building set on [n+1]. Let
ε be a sequence of positive numbers ε1 ≪ ε2 ≪ . . . ≪ εn ≪ εn+1. For each
I ∈ B \ {[n + 1]}, assign a half-space
AI =
{
(x1, . . . , xn+1) ∈ R
n+1
∣∣∣∣∣∑
i∈I
xi ≥ ε|I|
}
and for I = [n + 1], define A[n+1] be the hyperplane x1 + . . . + xn+1 =
εn+1. Let Pε be the intersection
⋂
I∈B AI . Then one can choose ε so that
Pε = PB whose facets are given by FI = ∂AI ∩Pε for each I ∈ B \ {[n+1]}.
Furthermore, PB is a Delzant polytope, i.e., the outward normal vector λ(F )
of each facet F forms a basis at each vertex of PB.
In other words, PB can be obtained by “cutting off” the faces of the
n-simplex corresponding to the elements of B except the entire set [n +
1]. Observe that V (∆B) = B \ {[n + 1]} bijectively corresponds to the
cutting hyperplanes. We sometimes use the notation like 124 = {1, 2, 4} for
simplicity. When B = {1, 2, 3, 4, 12, 23, 34, 123, 234, 1234}, then PB can be
obtained as in Figure 2.
2
1
3
4
23
12
34
234
123 2
23
12
234
123
Figure 2. A 3-simplex and a nestohedron, before and after “cutting”
For a set A of subsets of [n+1] such that the union of all elements of A is
the whole set [n+1], one can define the connected building set generated by
A as the minimal connected building set on [n+1] containing A as a subset.
Let K be a given simplicial complex – not necessarily a simplicial sphere –
on [n+ 1]. A subset I of [n + 1] is called a non-face of K if it is not a face
of K. It is minimal if any proper subset of I is a face of K. Let us denote
by B(K) the connected building set generated by the minimal non-faces of
K. The following lemma is immediately deduced by Theorem 5.4.
Lemma 5.6. Consider the subset S = {{1}, {2}, . . . , {n+ 1}} of all single-
tons of V (∆B(K)) = B(K) \ {[n + 1]}. Then the full subcomplex ∆B(K)|S is
isomorphic to K. 
Remark 5.7. Lemma 5.6 is inspired by Theorem 11.11 and Theorem 11.12
of [2]: roughly speaking, the polytope of [2] is obtained by cutting off the
faces of the n-simplex corresponding to the minimal non-faces of K and
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one can further cut off some of its other faces to obtain our nestohedron
PB(K) (See Proposition 5.5). Our polytope PB(K) has an advantage that it is
uniquely determined independent of order of cutting and its face structure is
well described. Furthermore, most importantly, PB(K) supports a canonical
real toric manifold explained later on.
Remark 5.8. Bosio and Meersseman used the construction of Theorem 11.11
and Theorem 11.12 of [2] to show that the cohomology of an LV-M manifold
may have arbitrary amount of torsion. One can easily observe that this con-
struction also shows the analogous results for a moment-angle complex or a
real moment-angle complex (refer (4.3) for the real moment-angle complex
case).
Definition 5.9. [6, (4.1)] Let us write vi for the i-th coordinate vector of
Zn2 for 1 ≤ i ≤ n and vn+1 = v1 + · · · + vn. For given a connected building
set B on [n+ 1], define λ : B \ {[n+ 1]} → Zn2 by
(5.1) λ(I) =
∑
i∈I
vi.
Then λ is a characteristic function for the polytope PB, defining a small
cover of dimension n denoted by MR(B). We call it the canonical real toric
manifold associated to B. In fact, it is the real locus of the projective
toric manifold defined by the Delzant polytope PB, hence it is a real toric
manifold.
For the next step, we introduce an operation of simplicial complexes called
simplicial wedge operation. Recall that for a face σ of a simplicial complex
K, the link of σ in K is the subcomplex
LkK σ := {τ ∈ K | σ ∪ τ ∈ K, σ ∩ τ = ∅}
and the join of two disjoint simplicial complexes K1 and K2 is defined by
K1 ⋆ K2 = {σ1 ∪ σ2 | σ1 ∈ K1, σ2 ∈ K2}.
Let K be a simplicial complex with vertex set V = [m] and fix a vertex
i in K. Consider a 1-simplex I whose vertices are i1 and i2 and denote
by ∂I = {i1, i2} the 0-skeleton of I. Now, let us define a new simplicial
complex on m+ 1 vertices, called the (simplicial) wedge of K at i, denoted
by wedi(K), by
wedi(K) = (I ⋆ LkK{i}) ∪ (∂I ⋆ (K \ {i})),
where K \ {i} is the full subcomplex with m − 1 vertices except i. The
operation itself is called the simplicial wedge operation or the (simplicial)
wedging. See Figure 3.
We briefly present the notion of K(J) of [1] here. Let K be a simplicial
complex on vertices V = [m]. Note that a simplicial complex is determined
by its minimal non-faces. Assign a positive integer ji to each vertex i ∈ V
and write J = (j1, . . . , jm). Denote by K(J) the simplicial complex on
vertices
{11, 12, . . . , 1j1︸ ︷︷ ︸, 21, 22, . . . , 2j2︸ ︷︷ ︸, . . . ,m1, . . . ,mjm︸ ︷︷ ︸}
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1
2
34
5 −→
11
12 2
34
5
K wed1(K)
Figure 3. Illustration of a wedge of K
with minimal non-faces
{(i1)1, . . . , (i1)ji1︸ ︷︷ ︸, (i2)1, . . . , (i2)ji2︸ ︷︷ ︸, . . . , (ik)1, . . . , (ik)jik︸ ︷︷ ︸}
for each minimal non-face {i1, . . . , ik} of K. It is an easy observation to
show that wedi(K) = K(J) where J is the m-tuple (1, . . . , 1, 2, 1, . . . , 1)
with 2 as the i-th entry. By consecutive application of wedgings on K, we
can produce K(J) for any J . Refer [7] for more information about relations
of wedge operations and toric objects. For the special case J = (2, 2, . . . , 2),
we write K(J) = K(2, 2, . . . , 2) =: K ′. Note that K ′ is obtained by wedging
each vertex of K once.
Theorem 5.10. Let q be a positive odd number. Then there is a real toric
manifold M , which is also a small cover, such that H∗(M ;Z) has a q-torsion
element.
proof of Theorem 5.10. It suffices to show when q = pk a power of an odd
prime p. We take a simplicial complex K with vertex set [m] so that
H∗(K;Z) has a q-torsion element. For example, one can use a triangu-
lation of the mod q Moore space M(q, 1). Then K ′ has the cohomology
with a q-torsion, since an wedge of K is topologically the suspension
|wedvK| ∼= S|K|, for any v ∈ [m],
and the suspension preserves torsion elements (possibly degree shifted) of
cohomology. Now consider the connected building sets B(K) and B(K ′).
Recall that B(K) is generated by the minimal non-faces of K. With the
notation
S = {{1}, {2}, . . . , {m}}
and
S′ = {{11}, {12}, {21}, {22}, . . . , {m1}, {m2}},
we see that S ⊂ B(K), S′ ⊂ B(K ′), and there is a bijection
B(K) \ S → B(K ′) \ S′
i1i2 · · · iℓ 7→ (i1)1(i1)2(i2)1(i2)2 · · · (iℓ)1(iℓ)2.
Consider the characteristic matrix Λ defined by (5.1) for the canonical real
toric manifold M = MR(B(K
′)). The sum of all the 2m rows corresponds
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to the set S′ by the observation that every element of B(K ′) \ S′ has even
cardinality. By Lemma 5.6 and Theorem 4.6, the following inequality
rankQH∗(M ;Q) < rankZ
pk
H∗(M ;Zpk)
holds where the right hand side means the number of summands Zpk in
H∗(M ;Zpk). A simple application of the universal coefficient theorem con-
cludes the proof. More precisely, forgetting the grading, decompose the
abelian group
H∗(M ;Z) ∼= Z
b ⊕ Zc1p ⊕ Z
c2
p2
⊕ · · · ⊕ Zci
pi
⊕ · · · ⊕ (other factors).
Applying the universal coefficient theorem
Hn(M ;G) ∼= Hn(M)⊗G⊕ Tor(Hn−1(M), G),
we deduce that
rankZ
pk
H∗(M ;Zpk) = b+ 2ck + 2ck+1 + 2ck+2 + · · · .
Since rankQH∗(M ;Q) = b, ci is nonzero for some i ≥ k, which means that
there is a pk-torsion in H∗(M ;Z).

Remark 5.11. There is an important subclass of the set of nestohedra,
called graph associahedra (See [6], [13], or [14]). From results of [6], one
can conclude that the canonical real toric manifold H∗(MR(P );Z) has no
odd torsion when P is a graph associahedron since for any ω ⊆ [m] such
that ϕ−1(ω) ∈ rowΛ, the simplicial complex Kω is a wedge of spheres. We
remark that Theorem 5.10 shows that an analogous result of this does not
hold for general nestohedra instead of graph associahedra.
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